A Note on Optimal Systems for the Heat Equation  by Chou, Kai-Seng et al.
Journal of Mathematical Analysis and Applications 261, 741–751 (2001)
doi:10.1006/jmaa.2001.7579, available online at http://www.idealibrary.com on
A Note on Optimal Systems for the
Heat Equation
Kai-Seng Chou and Guan-Xin Li
Department of Mathematics, The Chinese University of Hong Kong,
Shatin, Hong Kong
and
Changzheng Qu
Department of Mathematics, Northwest University, Xi’an 710069,
People’s Republic of China; Area Fisica Teorica,
Universidad de Salamanca, 37008 Salamanca, Spain
Submitted by Colin Rogers
Received July 26, 1999
A rigorous proof of the optimality of one-to-ﬁve-parameter systems for the sym-
metry group of the one-dimensional heat equation is given.  2001 Academic Press
Key Words: Lie group of symmetry; heat equation; optimal system; invariant;
adjoint representation.
1. INTRODUCTION
One of the main applications of Lie theory of symmetry groups for differ-
ential equations is the construction of group invariant solutions. Given any
subgroup of the symmetry group, one can write down the equation for the
invariant solution with respect to this subgroup. This reduced equation is
of fewer variables and is easier to solve generally. In fact, for many impor-
tant equations arising from geometry and physics these invariant solutions
are the only ones which can be studied thoroughly. Their importance lies
on the fact that they usually describe the asymptotic behavior or display the
structure of the singularities of a general solution.
A basic problem concerning the group invariant solution is its classiﬁ-
cation. Since a Lie group (or Lie algebra) usually contains inﬁnitely many
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subgroups (or subalgebras) of the same dimension, a classiﬁcation of them
up to some equivalence relation is necessary. Following Ovsiannikov [7],
one calls two subalgebras 1 and 2 of a given Lie algebra equivalent if
one can ﬁnd some element g in the Lie group generated by  so that
Adg1 = 2, where Adg is the adjoint representation of g on . A family
of r-dimensional subalgebras αα∈ is an r-parameter optimal system if
(1) any r-dimensional subalgebra is equivalent to some α and (2) α and
β are inequivalent for distinct α and β. Discussions on optimal systems
can be found in [4, 6, 7]. Some examples of optimal systems can also be
found in Ibragimov [5].
In [6] the construction of an optimal system for the one-dimensional
heat equation is considered. Using an elegant method different from [7],
all one-dimensional subalgebras are shown to be equivalent to one member
in an immensely reduced system. It is the purpose of this note to reduce
this system slightly further and show that the resulting new system is really
optimal. The method in [6] is based on the observation that the Killing
form of the Lie algebra is an “invariant" for the adjoint representation. We
shall develop this idea by introducing more invariants and show that they
are sufﬁcient for demonstrating the inequivalence among the subalgebras in
the new system. By the same set of invariants we also construct r-parameter
optimal systems, 2 ≤ r ≤ 5, for 1.
After the inﬂuential work of Patera et al. [8], many optimal systems (of
any parameters) have been determined by these authors, their co-workers,
and other experts in this ﬁeld. Their method is based on a reduction pro-
cedure by proper ideals. No doubt their method can be applied to the
present situation. However, we believe Olver’s method as developed here
has the feature of being very elementary. It only depends on fragments of
the theory of Lie algebras. Since many important equations arising from
physics are of low dimensions and reducing them to ODEs requires only
the determination of small parameter optimal systems, we hope this method
will be useful elsewhere. In fact, it has been applied to some curve shorten-
ing problems in [1]. Optimal systems for higher dimensional heat equations
can be also found in [2]. Finally, we point out that Olver’s method was
used in [3].
2. A ONE-PARAMETER OPTIMAL SYSTEM
In this section we give an optimal system for the one-dimensional heat
equation. The Lie algebra of inﬁnitesimal symmetries for this equation is
spanned by the vectors
v1 = ∂t (translation in t)
v2 = ∂x (translation in x)
v3 = x∂x + 2t∂t (dilatation in x t)
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TABLE I
Composition Table for 1; the i jth Entry Is 	vi vj

v1 v2 v3 v4 v5 v6
v1 0 0 2v1 0 2v2 4v3 − 2v4
v2 0 0 v2 0 −v4 2v5
v3 −2v1 −v2 0 0 v5 2v6
v4 0 0 0 0 0 0
v5 −2v2 v4 −v5 0 0 0
v6 2v4 − 4v3 −2v5 −2v6 0 0 0
v4 = u∂u (dilatation in u)
v5 = 2t∂x − xu∂u (Galilean boost)
v6 = 4tx2x + 4t2∂t − x2 + 2tu∂u (local symmetry)
and vh = hx t∂u where h is any solution of the equation. As is explained
in [6], the inﬁnite-dimensional subalgebra vh does not lead to group
invariant solutions. Consequently it will not be considered in the classi-
ﬁcation problem. From now on we denote the Lie algebra spanned by
v1     v6 by 1. We want to classify its one-dimensional subalgebras up
to the adjoint representation. The composition table and actions of the
adjoint representation, which are taken from [6], are in Tables I and II,
respectively.
A real function φ deﬁned on a Lie algebra  is called an invariant if
φAdgv = φv for all v in  and g in the Lie group  generated by .
Here Adg is the adjoint representation of  on .
Let v =∑6i=1aivi be a general vector in 1 and let Kvw be the Killing
form of 1. By the deﬁnition of the Killing form we have KAdg vAdg v =
Kv v for all v ∈ 1 and g ∈ 1, the Lie group generated by 1. Therefore,
TABLE II
Actions of the Adjoint Representation of 1 on 1 the i jth Entry Is Adexp εvivj
Ad v1 v2 v3 v4 v5 v6
v1 v1 v2 v3 − 2εv1 v4 v5 − 2εv2 v6 − 4εv3
+ 2εv4 + 4ε2v1
v2 v1 v2 v3 − εv2 v4 v5 + εv4 v6 − 2εv5 − ε2v4
v3 e2εv1 eεv2 v3 v4 e−εv5 e−2εv6
v4 v1 v2 v3 v4 v5 v6
v5 v1 + 2εv2 − ε2v4 v2 − εv4 v3 + εv5 v4 v5 v6
v6 v1 − 2εv4 v2 + 2εv5 v3 + 2εv6 v4 v5 v6
+4εv3 + 4ε2v6
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the function
Av = Kv v
is an invariant. By a direct computation Av = a23 − 4a1a6. In [6] Olver
uses the sign of A to classify the one-dimensional subalgebras. He shows
that v (or more precisely the space spanned by v) is equivalent to one of
the following vectors (or one of the spaces spanned by these vectors):
v ∼


v3 + αv4 α ∈  if Av > 0
v1 + v6 + αv4 α ∈  if Av < 0
v1 + αv4 v1 ± v5 v2 or v4 if Av = 0.
It is also pointed out that by the discrete symmetry x t u → −x t u,
v1 − v5 is mapped to v1 + v5. However, in order to adhere strictly to the
deﬁnition one would like to realize the equivalence within 1, and this can
be accomplished as follows (in self-evident notation):
v1 + v5 ∼ −v2 + v1 − v5
(
Adexp v6 Ad
(
exp
1
2
v1
)
Adexp v6
)
∼ v1 − v5
(
Ad
(
exp
1
2
v1
))

Moreover, using Adexp εv3 for suitable ε’s one can show that v1 + αv4
is equivalent to either v1 + v4 v1 − v4, or v1. Thus any general vector is
equivalent to one of the following vectors:
w1α = v3 + αv4 α ∈ 
w2α = v1 + v6 + αv4 α ∈ 
w3 = v1
w4 = v1 + v5
w5 = v2
w6 = v4
w7 = v1 + v4
w8 = v1 − v4
In fact, we have
Theorem 1. wi8i=1 forms a one-parameter optimal system for 1.
Notice that for different α’s w1 and w2 span inequivalent subalgebras. To
prove the theorem it sufﬁces to show that all wi’s are mutually inequivalent.
To this end we need to introduce more invariants in addition to A.
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Lemma 1.1. Let
B =
{
1 a21 + a23 + a26 = 0
0 otherwise.
Then B is an invariant.
Proof. From Table II it is sufﬁcient to check the invariance of B under
Adexp εvi for i = 1 3 6. In fact, under Adexp εvi, the new coefﬁcients
are related to the old ones by
 a˜1a˜3
a˜6

 =Mi

 a1a3
a6

 
where Mi is
 1 −2ε 4ε20 1 −4ε
0 0 1

 

 e2ε 0 00 1 0
0 0 e−2ε

  and

 1 0 04ε 1 0
4ε2 2ε 1

 
for i = 1 3 and 6. Clearly, a˜21 + a˜23 + a˜26 = 0 if and only if a21 + a23 + a26 = 0.
Lemma 1.2. Let
C =
{
1 a21 + a23 + a26 = 0, a22 + a25 = 0
0 otherwise.
Then C is an invariant.
Proof. Since B is an invariant, it sufﬁces to check the invariance of C
under a1 = a3 = a6 = 0. Observe that the adjoint actions of exp εvi i =
1 2 4, do not change a1 and a2. We only need to check the actions of
Adexp εvi for i = 1 3 6. Under Adexp εv1, a˜2 = a2 − 2εa5 and a˜5 = a5.
Hence a˜2 = a˜5 = 0 if and only if a2 = a5 = 0. Similarly one can verify that
the same is true under Adexp εvi for i = 1 3, and 6.
Lemma 1.3. Let
D =
{
1 A = 0 and b21 + b22 = 0,
0 otherwise,
where b1 = a2a3 − 2a1a5 and b2 = 2a2a6 − a3a5. Then D is an invariant.
Proof. The new b˜1 and b˜2 under the adjoint actions are listed in
Table III. It is clear from this table that D is an invariant.
To distinguish v3 + αv4 v1 + v6 + αv4 v1, and v1 ± v4 we need to intro-
duce two “conditional invariants.”
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TABLE III
Change of b1 and b2 under the
Adjoint Actions
Ad new b1 b2
v1 b˜1 = b1 − 2εb2 b˜2 = b2
v2 b˜1 = b1 − εA b˜2 = b2
v3 b˜1 = eεb1 b˜2 = e−εb2
v4 b˜1 = b1 b˜2 = b2
v5 b˜1 = b1 b˜2 = b2 − εA
v6 b˜1 = b1 b˜2 = b2 + 2εb1
Lemma 1.4. Let
J = a3 + 2a4
Then Jv = JAdg v for all v with a2 = a5 = 0 and all g in 1 with
a˜2 = a˜5 = 0
The radical of 1  is v2 v4 v5. In fact, 1 = 	 
 = v4 and
	1 1
 = 0. The Levi decomposition of 1 is given by  ⊕  where  is
the semisimple subalgebra generated by v1 v3 − 12v4 v6. From the gen-
eral theory of Lie groups we know that every element in 1 can be written
as  or  where  and  are the subgroups generated by  and ,
respectively.
Lemma 1.5. Any element g in 1 can be written as expε1v1 expε3v3
expε6v6 expε2v2 expε4v4 expε5v5 for some εi i = 1     6.
Proof. The group actions corresponding to v1     v6 are given by
g1ε x t u −→ x t + ε u
g2ε x t u −→ x+ ε t u
g3ε x t u −→ eεx e2εt u
g4ε x t u −→ x t eεu
g5ε x t u −→ x+ 2εt t e−εx−ε
2tu
g6ε x t u −→
(
x
1− 4εt 
t
1− 4εt 
√
1− 4εte−εx2/1−4εtu
)

respectively. Using the commuting relation g2εg5δ = g5δg2εg4εδ
and the fact that v4 is the center of 1, we see that any element in 
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can be written as expε2v2 expε4v4 expε5v5 for some ε’s. On the other
hand, we have
g1εg3δ = g3δg1εe−2δ
g6εg3δ = g3δg6εe2δ
and
g6εg1δ = g1
(
δ
1− 4δε
)
g3
(
− log1− 4εδ
)
× g4
(
1
2
log1− 4εδ
)
g6
(
ε
1− 4εδ
)

Hence every element in  can be written as expε1v1 expε3v3 expε6v6
expε4v4 for some ε’s. So the lemma holds.
Now we can prove Lemma 1.4. Let g be such that Adg preserves a2 =
a5 = 0. By Lemma 1.5 we have
Adg = Adexpε1v1 Adexpε3v3 Adexpε6v6 Adexpε2v2
Adexpε4v4 Adexp ε5v5
From Table II we have, for a vector v with a2 = a5 = 0,
a˜1=e2ε3a1−2ε14ε6a1+a3+4ε21e−2ε3a6+2ε6a3+4ε26a1
a˜2=eε32ε5a1−ε2a3−2ε1e−ε3ε5a3−2ε2a6+4ε5ε6a1−2ε2ε6a3
a˜3=a3+4ε6a1−4ε1e−2ε3a6+2ε6a3+4ε26a1
a˜4=a4−ε25a1+ε2ε5a3−ε22a6−2ε6a1+2ε1e−2ε3a6+2ε6a3+4ε26a1
a˜5=e−ε3ε5a3−2ε2a6+4ε5ε6a1−2ε2ε6a3
and
a˜6=e−2ε3a6+2ε6a3+4ε26a1
Since now a˜2 = a˜5 = 0, we solve the system to get ε2a3 = 2ε5a1 and ε5a3 =
2ε2a6. Putting these into the expressions for a˜3 and a˜4 we have a˜3 + 2a˜4 =
a3 + 2a4. So the lemma holds.
By a similar argument using Lemma 1.5 we have
Lemma 1.6. Let
H = sgn a1 a1 = 0
Then Hv = HAdgv for all v with A = 0 a1 = 0 and all g in 1 with
A˜ = 0 a˜1 = 0.
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TABLE IV
Evaluation of the Invariants
A B C D J H
w1α 1 1 0 0 1+ 2α undeﬁned
w2α −4 0 0 0 2α undeﬁned
w3 0 1 0 0 0 1
w4 0 1 0 1 undeﬁned 1
w5 0 0 1 0 undeﬁned undeﬁned
w6 0 0 0 0 2 undeﬁned
w7 0 1 0 0 2 1
w8 0 1 0 0 −2 1
We evaluate the invariants ABCD J, and H at wi i = 1     8 and
put the results in Table IV. From this table one can see that all wi’s are
mutually inequivalent. We explain why this is true for w7 and w8. First of
all, from the invariant J we see that if Adgw7 = w8 for some g, we
must have Adgw7 = −w8. But then it implies that Adgv1 = −v1, which
is impossible by H. Hence w7 and w8 are not equivalent. We have
shown that Theorem 1 is true.
We refer to [6] for a discussion of the invariant solution with respect to
each member in the optimal system.
3. A TWO-PARAMETER OPTIMAL SYSTEM
To construct a two-parameter optimal system one needs to determine all
two-dimensional subalgebras of 1. Let M = vw denote the subalgebra
spanned by the vectors v and w. For our purpose, it sufﬁces to ﬁnd all sub-
algebras of the form wi v where wi i = 1     8, are given in Theorem 1,
v ∈ Nor1wi. By a straightforward computation we ﬁnd they are equiva-
lent to
M1α = v1 v3 + αv4 M2α = v2 v3 + αv4 α ∈ 
M3 = v3 v4 M4 = v1 v2 M5 = v1 v4
M6 = v2 v1 + v4 M7 = v2 v1 − v4
M8 = v4 v1 + v5 M9 = v4 v1 + v6
M10 = v2 v4
after some simpliﬁcations.
Theorem 2. Mi10i=1 forms a two-parameter optimal system for 1.
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TABLE V
Values of the Invariants at a General Vector λv+ µw in M = vw
A B C D J
M1 µ2 1 0 0 1+ 2αµ
M2 µ2 1 µ = 0 1 µ = 0 λ = 0 0 1+ 2αµλ = 0
0 µ = 0 0 (otherwise) undeﬁned λ = 0
M3 λ2 1 λ = 0 0 0 λ+ 2µ
0 λ = 0
M4 0 1 λ = 0 1 λ = 0 µ = 0 0 0 µ = 0
0 λ = 0 0 (otherwise) undeﬁned µ = 0
M5 0 1 λ = 0 0 0 2µ
0 λ = 0
M6 0 1 µ = 0 1 µ = 0 λ = 0 0 2µ λ = 0
0 µ = 0 0 (otherwise) undeﬁned λ = 0
M7 0 1 µ = 0 1 µ = 0 λ = 0 0 −2µ λ = 0
0 µ = 0 0 (otherwise) undeﬁned λ = 0
M8 0 1 µ = 0 0 1 µ = 0 2λ µ = 0
0 µ = 0 0 µ = 0 undeﬁned µ = 0
M9 −4µ2 1 µ = 0 0 0 2λ
0 µ = 0
M10 0 0 1 λ = 0 0 2µ λ = 0
0 λ = 0 undeﬁned λ = 0
It remains to show that Mi’s are mutually inequivalent. We shall use the
invariants found in Section 2 to do the job. First of all, we evaluate a gen-
eral vector v = λv + µw in M = vw and put the result in Table V.
As an illustration, we show how to use this table to show that M1 is not
equivalent to M2. For, if there exists an adjoint representation maps M2
to M1, in particular, v2 will be mapped to some λv1 + µv3 + αv4. How-
ever, 0 = Bv2 = Bλv1 + µv3 + αv4 = 1, which is impossible. Hence
M1 and M2 are not equivalent. Similarly one can show all Mi’s are mutually
inequivalent (see Table VI) except M6 and M7. For the latter we argue as
follows. Suppose that Adgv1 − v4 = λv2 + µv1 + v4 for some g λ, and
µ. Using the invariant B we see that µ is non-zero. However, then −2 =
Jv1− v4 = Jλv2 +µv1+ v4 = 2µ; therefore µ = −1. In view of invari-
ant H, we ﬁnd Hv1 − v4 = 1 and Hλv2 − v1 − v4 = −1, which is impos-
sible. Hence M6 and M7 are also inequivalent. So Theorem 2 holds.
4. THREE-, FOUR-, AND FIVE-PARAMETER OPTIMAL SYSTEMS
In view of a well-known fact [7], any three-dimensional subalgebra of
a Lie algebra contains a two-dimensional subalgebra or it is isomorphic
750 chou, li, and qu
TABLE VI
Invariants Used to Distinguish Mi and Mj , α1 = α2; the Inequivalence of M6 and M7 Is
Explained in the Paragraph
M1α2 M2α2 M3 M4 M5 M6 M7 M8 M9 M10
M1α1 J B B B B B B B B B
M2α1 J C A C A A C C A
M3 A A A A A A A
M4 J J J J J J
M5 C C D A C
M6 B J H C A B
M7 C A B
M8 A C
M9 A
M10
to O3. Thus we may build a three-parameter optimal system by expand-
ing a two-parameter optimal system. Omitting all the tedious but straight-
forward computations, we ﬁnd that any 3-subalgebra is equivalent to one
of the following subalgebras:
N1 =
〈
v1 v3 −
1
2
v4 v6
〉
 N2 = v1 v3 v4
N3α = v1 v2 v3 + αv4 N4 = v2 v3 v4
N5 = v1 v2 v4 N6 = v2 v4 v1 + v5
N7 = v2 v4 v5
Again using the fact that any four- or ﬁve-dimensional Lie algebra must
contain a two- or three-dimensional subalgebra [9], we may use the sys-
tems Mi and Ni to determine the representatives of all conjugacy classes of
subalgebras. Again omitting the details of computations we have
P1 = v1 v3 v4 v6 P2 = v1 v2 v3 v4
P3 = v2 v3 v4 v5 P4 = v1 v2 v4 v5 and
P5 = v2 v4 v5 v1 + v6
and any four-dimensional subalgebra of 1 must be equivalent to one of
the Pi’s. Finally any ﬁve-dimensional subalgebra must be equivalent to
Q = v1 v2 v3 v4 v5
Using the invariants found in Section 2, one can establish the following
result.
Theorem 3. Ni7i=1 and Pi5i=1 form a three-parameter and a four-
parameter optimal system, respectively.
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As an illustration we show why N3α is not equivalent to N4 for
any real α. Suppose on the contrary that there exist some g so that
AdgN3α = N4. Then for any a b c, Adgav1 + bv2 + cv3 + αv4 =
a′v2 + b′v3 + c′v4, where a′ b′ c′ are linear combinations of a b, and c.
Using the invariant A we know that c = b′. If we take c to be zero,
then Adgav1 + bv2 = a′v2 + c′v4 which means that M4 is equivalent to
M10. But this is impossible by Theorem 2. Hence N3α and N4 are not
equivalent.
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